A REFINEMENT OF THE FUNDAMENTAL THEOREM ON THE DENSITY OF THE SUM OF TWO SETS OF INTEGERS H. B. MANN
Let A -{a Q < a x < •} be a set of integers and let A(ri) be the number of integers in A not exceeding n. If A, B are two such sets, we put A + B = {α + b}, where a denotes generically an element of A, b an element of B. It should be noted that A and B may contain negative numbers or zero and that these are counted in A(n) and B(n).
Erdoes in an unpublished paper proved: If lim m^oo (A(m)/m) -lim m^oo (B(m)lm) = 0, then for every e > 0 there are infinitely many x such that if C -A + B then
C(x) >A(x)(l -ε) + B(x) .
Clearly there are then also infinitely many y such that
C(y)>A(y)
Erdoes conjectured that it is possible to choose infinitely many x = y.
At the Number Theory Conference in Boulder, Colorado, Erdoes proposed this problem to the author. It is clear that the Fundamental Theorem [3] is inadequate to deal with this problem, because it fails if 10 C. The search for a stronger theorem finally led the author to Theorem 2. Theorem 3 is a consequence of Theorem 2 and is considerably stronger than Erdoes conjecture.
n + Γ For the proof of Theorem 1, we consider the following transformation: Let n x < n 2 < <n r = n be the gaps in C. then since C j^ι Z)C j^2 the inequality e, < e^ contradicts rule 3, while e 5 -e^λ implies n s ,n t eC 5 -λ . For any set A put But ei, < w s implies cZ s < n, hence
Moreover C k contains all numbers x for which d s < x < n, but does not contain n so that By Prop. 4 and 5, 6* e #*_! and e Λ > δ* contradicts rule 3. Hence
This completes the proof of Lemma 1.
We are now prepared for the proof of Theorem 1. Since n s is not in C k no number of the form n s -a is in B k and therefore
Subtracting 4 from 7 we get
which after some simple algebra gives
Finally if n s < n then because of rule 4 we must have n s < d s = n -n s , n s < w/2. This completes the proof of Theorem 1. implies strict inequality in (11) when g > 3.
Clearly on account of (11), Theorems 3 and 4, the latter without the condition m$C, carry over to the sum of an arbitrary number of sets.
The author takes the opportunity to refute Khintchine's [2] assertion that the methods used in his exposition are altogether different from those introduced in [3] . Anybody acquainted with the authors first proof must see that the basic ideas are exactly the same.
